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In this paper, an SIR epidemic model with variable size of population is considered. We study
optimal control problem for an SIR model with ”vaccination” and ”treatment” as controls. It is
shown that an optimal control exists. We have already used functional, that lots of researchers use,
and found that this functional is not appropriate, it has a defect. Now, we fixed this defect by
changing this functional. We analyze the dependence of solutions on parameter of problems and
discuss our result.
I. INTRODUCTION
One of the main method to investigate the process of virus infection in computer network is using mathematical
epidemic models. There are lots of epidemic models for human disease, they can consider, for instance, incubation
period, the appearance of natural immunity, natural mortality and birthrate of individuals. It should be mentioned
that while using different epidemic models for computer network such things as the appearance of natural immunity
and some other things are impossible. Since mathematical models of virus spreading are described by system of
nonlinear differential equations, lots of results can be obtained only numerically [5], [6], [7]. But the most important
part of modelling is not choice a numerical method or environment for calculation, it is a correct applying all parameters
of model for particular problem.
We will consider an SIR model. We apply this model for computer networks. In this model nodes (computers) are
divided by three groups: Susceptible, Infected and Recovered. Susceptible nodes can be infected by virus. Infected
nodes are already infected. Removed nodes are nodes which are cured, for example antivirus was installed on this
computers. This model can be described by following equations:
dS
dt
= −βSI, dI
dt
= βSI − uI, dR
dt
= uI
Here u - intensity of ”treatment” Infected nodes, β - intensity of transmission of the virus for Infected to Susceptible
nodes.
In this work we consider an SIR model with ”vaccination” and ”treatment”. Supposed that except ”treatment” of
Infected nodes which means that viruses is removed and anti-virus program is installed, we have an ability to install
anti-virus program on Susceptible nodes [3].
The paper is organized as follows. In section 2, we present an SIR model to be investigated and formulate an
optimal control problem for that model. In section 3, we derive the optimality system using Pontryagins maximum
principle and find structure of optimal control. In section 4, we solve the resulting optimality system numerically and
discuss our results.
II. MODEL AND OPTIMAL CONTROL PROBLEM
We consider an SIR model with ”vaccination” and ”treatment” which can be described with the following differential
equations:
dS
dt
= −βSI − u1S, (1)
dI
dt
= βSI − u2I − αI, (2)
dR
dt
= u1S + u2I (3)
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2Here u1 is the proportion of the susceptible that is vaccinated per unit time, u2 is the proportion of the infected that
is treated per unit time, and α is the disease-induced death rate. Initial conditions is:
S(0) = S0, I(0) = I0, R(0) = R0 (4)
We consider u1(t) and u2(t) as controls. Assume that admissible controls are measurable, bounded functions:
U = {(u1(t), u2(t)) : 0 6 u1(t) 6 u1max, 0 6 u2(t) 6 u2max}, t ∈ [0;T ] (5)
Consider the following optimal control problem. In [8] we studied the problem of minimizing functional∫ T
0
(C1I(t) + C2u
2
2 + C3u
2
1)dt subject to (1)-(5). We showed that functional that lots of researchers use [3], [2] has
a defect: when parameter α is growing up, this functional is going down, it means that high level of disease-induced
death rate has a beneficial effect on functional. For this reason that functional is not corresponding for us. Assuming
that, the goal of this work is to introduce a new functional, without that defect.
To that end, we define a new group of nodes - D(t) (Defective) nodes which are defected by virus. Obviously:
dD
dt
= αI,D(0) = 0
Then we have:
D(T ) =
∫ T
0
αI(t)dt
Then we minimize the number of Defective, considering cost of ”vaccination” and ”treatment”.
Z =
∫ T
0
(C1u
2
1 + C2u
2
2)dt+ C3D(T ) −→ min
or
Z =
∫ T
0
(C1u
2
1 + C2u
2
2 + C3αI(t))dt −→ min (6)
Remark. Objective functional does not depend on variable R and equation (2) and (3) does not include this variable.
So, we can reduce dimension of problem and excluded from consideration variable R and equation (3).
A. Existence of solution
Theorem. An optimal solution for the problem (1)-(6) exists.
Proof:
We apply Fillipov theorem [1], we should show that:
1) set of acceptable solutions are bounded.
2) set of controls are convex compact.
3) velocity vector is convex by control.
Conditions 2 and 3 are held obviously. Let us show, that condition 1 is also held.
Lemma. Set of solutions of system (1)-(3) is bounded.
Proof: From (1)-(3) we have S(t) = S0e
− ∫ t
0
(βI(τ)+u1)dτ > 0, I(t) = I0e
− ∫ t
0
(βS(τ)−α−u2)dτ > 0, R(t) ≥ 0. Also,
we know, that I(t) + S(t) + R(t) < N(t), consequently S(t) < N(t), I(t) < N(t), R(t) < N(t) and S, I and R are
bounded. 
3B. Pontryagin maximum principle
We apply Pontryagin Maximum Principle [4] to the problem (1)-(6). Define Hamiltonian:
H = −λ0(C1u21 + C2u22 + C3αI(t)) + ψ1(t)(−βS(t)I(t)− u1(t)S(t)) + ψ2(t)(βS(t)I(t)− u2(t)I(t)− αI(t)) (7)
Let (S∗(t), I∗(t)) - optimal solution in problem, u∗2(t), u
∗
2(t) - corresponding optimal controls. Then according to
Pontryagin Maximum Principle there will be found a constant λ ≥ 0 and ψ(t) = (ψ1(t), ψ2(t)) such that:
1. dψ1dt = −∂H∂S = ψ1βI + ψ1u1 − ψ2βI
dψ2
dt = −∂H∂I = λ0C3α+ ψ1βS − ψ2βS + ψ2u2 + ψ2α
2. ψ1(T ) = 0, ψ2(T ) = 0
3.
H(S∗(t), I∗(t), ψ1(t), ψ2(t), λ0, u∗1(t), u
∗
2(t)) =
max
06u1(t)6u1max,06u2(t)6u2max
H(S∗(t), I∗(t), ψ1(t), ψ2(t), λ0, u1(t), u2(t))
Remark, that for our problem λ0 6= 0. Below we will put λ0 = 1.
III. ANALYSIS OF MAXIMUM CONDITION
Consider maximum condition:
max
06u1(t)6u1max,06u2(t)6u2max
−(C1u21(t) + C2u22(t) + C3αI∗(t)) + ψ1(t)(−βS∗(t)I∗(t)− u1(t)S∗(t))+
+ ψ2(t)(βS(t)
∗I∗(t)− u2(t)I∗(t)− αI∗(t)) =
= −(C1u∗1(t)2 + C2u∗2(t)2 + C3αI∗(t)) + ψ1(t)(−βS∗(t)I∗(t)− u1(t)S∗(t))+
+ ψ2(t)(βS(t)
∗I∗(t)− u∗2(t)I∗(t)− αI∗(t))
Write out items which have control u1:
−C1u21(t)− ψ1(t)u1(t)S(t) −→ max
06u1(t)6u1max
or
C1u
2
1(t) + ψ1(t)u1(t)S(t) −→ min
06u1(t)6u1max
Define it as function F (u1) = C1u
2
1 + ψ1u1S.
Analogically for u2:
−C2u22(t)− ψ2(t)u2(t)I(t) −→ max
06u2(t)6u2max
or
C2u
2
2(t) + ψ2(t)u2(t)I(t) −→ min
06u2(t)6u2max
Define it as function G(u2) = C2u
2
2 + ψ2u2I.
4Functions F (u1) and G(u2) are convex, consequently minimum can be reached in stationary point, where derivative
is equals to 0, if this point is admissible. If this point is not admissible, minimum is achieved at u1 = 0 or u1 = u1max
for F (u1) and at u2 = 0 or u2 = u2max for G(u2).
Find stationary point for F (u1) and G(u2).
F ′(u1) = 2C1u1 + ψ1S
F ′(u1) = 0⇔ u1 = −ψ1S
2C1
G′(u2) = 2C2u2 + ψ2I
G′(u2) = 0⇔ u2 = −ψ2I
2C2
Define:
ub1 = −
ψ1S
2C1
, ub2 = −
ψ2I
2C2
.
Here, we have the following structure of optimal control:
u∗1(t) =

ub1, 0 6 ub1 6 u1max
0, ub1 < 0
u1max, u
b
1 > u1max
(8)
u∗2(t) =

ub2, 0 6 ub2 6 u2max
0, ub2 < 0
u2max, u
b
2 > u2max
(9)
IV. NUMERICAL SOLUTIONS
System of equation of Pontryagin Maximum Principle is the following:
dS
dt = −βSI − u1S
dI
dt = βSI − u2I − αI,
dψ1
dt = −∂H∂S = ψ1βI + ψ1u1 − ψ2βI
dψ2
dt = −∂H∂I = λ0C3α+ ψ1βS − ψ2βS + ψ2u2 + ψ2α
(10)
We have a structure of optimal control (8)-(9), and boundary conditions:
S(0) = S0, I(0) = I0, ψ1(T ) = 0, ψ2(T ) = 0
Thus, we turn our optimal control problem to boundary-value problem of Pontryagin Maximum Principle for system
of 4 equation the 1st order. We use shooting method and Runge-Kutta 4th order procedure. Then we consider
dependence of optimal value of functional on parameters, especially on α.
5FIG. 1: Dependence of functional Z on α.
V. CONCLUSION
In this work the SIR model for virus spreading in computer networks is studied. We consider optimal control problem
for this model. We minimize a number of nodes which are defected by virus with ”treatment” and ”vaccination” as
a controls. We prove existence of solution and find a structure of optimal control. We use shooting method and
Runge-Kutta fourth order procedure for numerical solution. Then we analyze the dependence solution on parameter.
We introduce functional without destructive dependence on disease-induced death rate.
[1] Knowles G. An introduction to apllied optimal control.// Mathematics in science and engineering, Vol. 159, 64-67
[2] Bakare E. A., Nwagwo A., Danso-Addo E. Optimal control analysis of an SIR epidemic model with constant recruitment.//
International Journal of Applied Mathematical Research, 3 (3) (2014) 273-285.
[3] Yusuf T. T., Benyah F. Optimal control of vaccination and treatment for an SIR epidemiological model.// World Journal
of Modelling and Simulation, Vol. 8(2012) No. 3, pp. 194-204
[4] Pontryagin, L.S. The mathematical theory of optimal processes and differential games.// Trudy Mat. Inst. Steklov., Volume
169, (1985) 119-158.
[5] Zhang X., Chen S., Lu H., Zhang F. An improved computer multi-virus propagation model with user awareness.// Journal
of Information and Computational Science 8: 16 (2011) 4301-4308
[6] Kar T.K., A. Batabyal Stability analysis and optimal control of an SIR epidemic model with vaccination.// BioSystems
104 (2011) 127-135
[7] Zhang C., Yang X., Zhu Q. An Optimal Control Model For Computer Viruses.// Journal of Information and Computational
Science 8: 13 (2011) 2587-2596
[8] Klimenkova O.D. Optimal control for virus spreading: analytical and numerical results.// System Administrator, 2017, to
appear.
